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 Part II: Post-Midterm 2 Topics 

Chapter 12: The Analysis of Variance (ANOVA) 
Definitions 

• Factor: a variable that makes the population groups distinguishable 

• Level: the number of different categories or conditions in a factor (= # of populations) 
 

ANOVA Assumptions 
1. Simple random sample (SRS) from each of the 𝑘 populations 
2. The responses in each group are independent of those in the other groups. 
3. The sample mean of each population is (approx..) normally distributed. ➔ Histograms/Normal Probability Plots 

4. Population variances are the same (homogeneity of variance). ➔ 
max 𝑠𝑎𝑚𝑝𝑙𝑒 𝑆𝐷

min 𝑠𝑎𝑚𝑝𝑙𝑒 𝑆𝐷
≤ 2 

 

ANOVA Model: 𝑋𝑖𝑗 = 𝜇𝑖 + 𝜖𝑖𝑗 ,   𝜖𝑖𝑗 ∼𝑖𝑖𝑑 𝑁(0, 𝜎2) 

• 𝑋𝑖𝑗  – the 𝑗th observation in a group 𝑖        (data) 

• 𝜇𝑖  – the population mean of a group 𝑖      (group mean) 

• 𝜖𝑖𝑗 – the unexplained error by 𝜇𝑖                (error) 
 

Hypotheses 
       𝐻0: 𝜇1 = 𝜇2 = ⋯ = 𝜇𝑘  
       𝐻1: at least one 𝜇𝑖  is different from the rest 
 

ANOVA table 

• 𝑆𝑆𝑇 = 𝑆𝑆𝐴 + 𝑆𝑆𝐸    and      𝑑𝑓𝑇 = 𝑑𝑓𝐴 + 𝑑𝑓𝐸 

 
• Variance estimate: 𝜎̂ = 𝑠 = √𝑀𝑆𝐸  

• P-value = 𝑃(𝐹 ≥ 𝐹𝑡𝑠) = 𝑝𝑓(𝐹𝑡𝑠, 𝑑𝑓𝐴, 𝑑𝑓𝐸 , 𝑙𝑜𝑤𝑒𝑟. 𝑡𝑎𝑖𝑙 = 𝐹𝐴𝐿𝑆𝐸) 

• Conclusion:  
o If 𝑝-value ≤ 𝛼, we reject 𝐻0. The data provides strong evidence that at least one population mean of 

(context) is different from the rest.  
o If 𝑝-value > 𝛼, we fail to reject 𝐻0. There is not enough evidence to show that at least one population 

mean of (context) is different from the rest. 

• Special case of # groups = 2 ➔𝐹𝑡𝑠 for ANOVA = 𝑡𝑡𝑠
2  for two-sample indep, two-sided hypothesis with Δ0 = 0 

 

Pairwise comparison: number of distinct pairs out of 𝑘 groups: 𝑐 =
𝑘(𝑘−1)

2
 

    Goal: control type I error to test multiple hypotheses at once 
    Visualization: Line Plot (put a line under the means that are statistically same) 
    Common structure for CI: only critical value changes 

𝑥̅𝑖⋅ − 𝑥̅𝑗⋅ ± (𝑐𝑟𝑖𝑡𝑖𝑐𝑎𝑙 𝑣𝑎𝑙𝑢𝑒) ∗ √𝑀𝑆𝐸 (
1

𝑛𝑖
+

1

𝑛𝑗
) 

1. Bonferroni: evenly share the significance level 𝜶𝒆𝒂𝒄𝒉 =
𝛼𝑜𝑣𝑒𝑟𝑎𝑙𝑙

𝑐
 ➔ critical value = 𝑡𝜶𝒆𝒂𝒄𝒉/2,𝑛−𝑘 

      simple construction          𝛼𝑒𝑎𝑐ℎbecomes too small for large 𝑐 (conservative) 

2. Tukey: establish a distribution on  𝑋̅𝑚𝑎𝑥 − 𝑋̅𝑚𝑖𝑛 ➔ critical value =
𝑄𝛼,𝑘,𝑛−𝑘

√2
= qtukey(1-alpha, k, n-k)/sqrt(2) 

      more powerful method for large 𝑐          complicated theoretical construction 

3. Dunnett      compares multiple treatments to a control group (only 𝑘 − 1 pairwise comparisons) 
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Chapter 13. Simple Linear Regression 
Response variable 𝑌: a random variable whose changes are being studied. 
Explanatory variable 𝑋: a fixed variable which potentially explains the changes in the response variable. 
 

Assumptions 
1. SRS with each pair of observations independent of other pairs 
2. The relationship between X and Y is linear in the population ➔ check before/after the analysis 
3. The errors have an iid normal distribution (i.e., equal variance of errors) ➔ check after the analysis 

 

Before analysis: use a scatterplot and sample correlation 𝑟 to check the form, direction, strength of the relationship 

• Form: linear (𝑟 ≠ 0) or nonlinear/no relationship (𝑟 = 0) 

• Direction: positive (𝑟 > 0) or negative (𝑟 < 0) 

• Strength: strong (|𝑟| ≥ 0.8), moderate (0.5 ≤ |𝑟| < 0.8), weak (|𝑟| < 0.5) 
 

Regression model: 𝑌𝑖 = 𝛽0 + 𝛽1𝑥𝑖 + 𝜖𝑖, 𝜖𝑖 ∼𝑖𝑖𝑑 𝑁(0, 𝜎2) in the population 

• Estimation of unknown parameters by minimizing sum of errors: 𝛽̂0, 𝛽̂1 = arg min ∑ (𝑦𝑖 − (𝛽0 + 𝛽1𝑥𝑖))
2𝑛

𝑖=1  

• 𝛽̂1 =
𝑆𝑋𝑌

𝑆𝑋𝑋
 ➔ the value of (y context) is expected to go (up/down) by |𝛽̂1| as (x context) goes up by one. 

• 𝛽̂0 = 𝑦̅ − 𝛽̂1𝑥̅ ➔ the value of  𝑦̂ when 𝑥 = 0 (meaningless in most cases) 

• Estimated regression line:  𝑦̂ = 𝛽̂0 + 𝛽̂1 ∗ 𝑥𝑐𝑜𝑛𝑡𝑒𝑥𝑡 

• Residuals: 𝑒𝑖 = 𝑦𝑖 − 𝑦̂𝑖  
 

Check assumptions using diagnostic plots 

• Normality of errors: Normal prob plot, histogram 

• Constant variance of errors & linearity & outlier detection: Scatterplot, residual plot 
 

Hypothesis testing 

• 𝐹-test ➔ 𝐻0: there is NO linear association btw 𝑋 and 𝑌 vs 𝐻𝑎: there is a linear association btw 𝑋 and 𝑌 

 
o 𝑝-value = 𝑃(𝐹𝑑𝑓𝑟,𝑑𝑓𝑒

> 𝐹𝑡𝑠) = 𝑝𝑓(𝐹𝑡𝑠, 𝑑𝑓𝑟, 𝑑𝑓𝑒 , 𝑙𝑜𝑤𝑒𝑟. 𝑡𝑎𝑖𝑙 = 𝐹𝐴𝐿𝑆𝐸) 

o Estimated variance of errors: 𝜎̂ = √𝑀𝑆𝐸 

• 𝑡-test (two-sided case, you may expand it to upper- or lower-tail hypothesis) 

o 𝐻0: 𝛽1 = 𝛽10  vs  𝐻𝑎: 𝛽1 ≠ 𝛽10 ➔ 𝑡𝑡𝑠 =
𝛽̂1−𝛽10

√
𝑀𝑆𝐸

𝑆𝑥𝑥

∼ 𝑡(𝑑𝑓 = 𝑛 − 2)  &  𝐶𝐼: 𝛽̂1 ± 𝑡𝛼/2,𝑛−2√𝑀𝑆𝐸/𝑆𝑋𝑋    

• Relationship between t and F: 𝐹𝑡𝑠 = 𝑡𝑡𝑠
2  when 𝑡-test is two-sided with 𝛽10 = 0 (i.e., the same p-values) 

 

Other statistics 

• Sample correlation 𝑟 =
𝑆𝑋𝑌

√𝑆𝑋𝑋𝑆𝑌𝑌
 or  𝑟 = 𝑠𝑖𝑔𝑛(𝛽̂1) ∗ √𝑅2 → how strong a linear association is 

• Coefficient of determination 𝑅2 =
𝑆𝑆𝑅

𝑆𝑆𝑇
= 𝑟2 → % of the total variation in Y explained by the linear relationship 

 

Prediction 

• Confidence Interval (mean response/observed value) ➔ narrower than PI 

𝛽̂0 + 𝛽̂1𝑥𝑖 ± 𝑡𝛼/2,𝑛−2√𝑀𝑆𝐸 (
1

𝑛
+

(𝑥𝑖−𝑥̅)2

𝑆𝑋𝑋
)  

• Prediction Interval (single response/new observation) ➔ wider than CI 

𝛽̂0 + 𝛽̂1𝑥∗ ± 𝑡𝛼/2,𝑛−2√𝑀𝑆𝐸 (1 +
1

𝑛
+

(𝑥∗−𝑥̅)2

𝑆𝑋𝑋
)  

• Interpolation       (within the data region) vs extrapolation      (outside of the data region) 
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