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Name: PUID

Instructor (circle one):

Hyebin Han Kyle Conrad Nasheed Jafri
Evidence Matangi Timothy Reese

Select Class Meeting Days/Time
O MWEF 9:30AM-10:20AM O MWEF 1:30PM-2:20PM

© MWF 10:30AM-11:20AM  © MWF 2:30 PM-3:20PM
O MWF 11:30 PM-12:20PM O T/TH 12:00 PM-1:15PM
O MWF 12:30PM-1:20PM  © T/TH 1:30PM-2:45PM O Online

Exam Instructions

1. Identification: Write your last name clearly on every odd page and on any provided scratch paper. Have y
our Purdue picture ID ready when submitting the exam.

2. Allowed Materials: Scientific calculator, writing utensils, erasers, and one double-sided 8.5” x 11” crib she
et (handwritten or typed).

3. Formatting & Work: Keep all work strictly within the designated boxes. Round all numeric answers to four
decimal places unless stated otherwise.

4. Grading Requirements: You must show ALL work for free-response questions. Unsupported numbers, un
readable work, or missing explanations (which must be in complete English sentences) may receive zero cr
edit.

5. Logistics: The exam is 60 minutes. Leaving the room finalizes your submission. After you complete the ex
am, please turn in your exam as well as any scrap paper that you used. Please be prepared to show your
Purdue picture ID. Exams will be returned via Gradescope.

Strict Prohibitions & Honor Code
e Zero Tolerance: Absolutely no cell phones at your desk. No sharing calculators. Violating either rule may r
esult in an immediate zero on the exam.
e Academic Integrity: You are responsible for keeping your work covered at all times. The unauthorized re
moval of exam materials from the room, any form of academic dishonesty, or discussing exam contents wit

h students who have not yet tested may result in a zero on the exam and potentially a formal report to the
Office of the Dean of Students.

As a boilermaker pursuing academic excellence, | pledge to be honest and true in all that | do. Accounta
ble together - we are Purdue.

Your exam is not valid without your signature below. This means that it won't be graded.
| attest that | have read and followed the instructions above honestly. The work submitted is my own, pro
duced without unauthorized assistance. | agree that if | share information about this exam with any stude

nt before they take it, bpth parties will fail the course and be reported for Academic Dishonesty.
Signature of Student:
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You may use this page as scratch paper.
The following is for your benefit only.

Question Number Total Possible Your points
Problem 1 (True/False) 12
(2 points each)
Problem 2 (Multiple Choice)
. 15
(3 points each)
Problem 3 26
Problem 4 26
Problem 5 26
Total 105

The rest of this page can be used for scratch work
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1. (12 points, 2 points each) True/False Questions. Indicate the correct answer by completely
filling in the appropriate circle. If you indicate your answer by any other way, you may be marked
incorrect.

1.1. A dataset X has an interquartile range (IQR) of IQRy. Each value in the dataset is
multiplied by -2, and then 10 is added, giving new values y = —2x + 10.

@ or @ The IQR of the new values of the dataset Y is —2 - IQRy + 10.

1.2. Let A and B be two non-empty events from the same sample space Q, both with
positive probabilities (P(A) > 0 and P(B) > 0).

@ or @ If A and B are mutually exclusive (disjoint), then they cannot be independent
events.

1.3. Let X be a discrete random variable with finite mean u and standard deviation o > 0.
Define a new random variable Y = 4 — 3X.

@ or @ The standard deviation of Y is equal to —3a.

1.4. Let X be a Binomial random variable with n > 1 independent Bernoulli trials and
success probability p € [0, 1].

@ or ® The variance Var(X) can never exceed E.

1.5. Let X be a continuous random variable with probability density function fx(x).

@ or ® The density must satisfy fx(x) < 1 for all x € R.

1.6. Suppose X ~ N(u, 6?).

('D or @ The probability that X falls within 1.28 standard deviations of the mean,
P(u—1.280 < X < pu+ 1.280), is 0.80.
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2. (15 points, 3 pts each) Multiple Choice Questions. Indicate the correct answer by completely
filling in the appropriate circle. If you indicate your answer by any other way, you may be marked
incorrect. For each question, there is only one correct option letter choice unless specified.

2.1. A survey of 150 recent Purdue engineering graduates revealed that their starting
annual salaries had a sample mean of $86,500 and a sample median of $78,000.
Based on these summary statistics, which of the following statements is most likely
true regarding the distribution of starting salaries?

@ The distribution is symmetric and mound-shaped because engineering salaries are
standardized.

The distribution is right-skewed (positively skewed) because a relatively small

number of exceptionally high salaries pull the sample mean above the sample
median.

@ The distribution is left-skewed (negatively skewed) because the majority of
graduates earn less than the mean.

@ The sample standard deviation must be equal to zero.

@ The interquartile range (IQR) is guaranteed to be larger than the full range of the
data.

2.2. During peak lunch hours at the Purdue Memorial Union, mobile food orders arrive
according to a Poisson process at an average rate of 0.4 orders per minute. What is
the probability that exactly 2 orders arrive in a randomly selected 5-minute interval?

@ 0.0544
0.1465
© o0.2707
O 0.4000
® 06767
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2.3. Let X be a discrete random variable representing the number of defective
components found in an electronic assembly pack, with probability mass function:

P(X=0)=0.60, P(X=1)=0.30, P(X=2)=0.10

The repair cost (in dollars) for a pack is modeled by the function €(X) = 50 + 20X2. What
is the expected repair cost E[C(X)]?

@ $50.00
$57.00
© $60.00

D $64.00
® $78.00

2.4. An inspector examines a small shipment of N = 25 laptops. Unbeknownst to the
inspector, the shipment contains exactly 4 defective units. The inspector randomly
selects n = 5 laptops without replacement and counts the number of defective units
X among the 5 sampled. Which of the following explains why X does NOT strictly
follow a Binomial distribution?

@ The draws are dependent because each selection changes which laptops remain in
the shipment.

A draw cannot have binary outcomes because defect status is learned only after
inspection.

@ The number of trials is not fixed because the defect count is unknown before
inspection.

@ The expected defect count cannot be computed before the inspector checks the
selected laptops.

@ The variance must exceed the sample size because the inspector samples without
replacement.
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2.5. The delivery time T (in minutes) for autonomous delivery robots on the Purdue
campus follows an Exponential distribution with rate 4 = 0.10 per minute. The dining
service promises a delivery fee refund if an order takes longer than ¢ minutes. If they
wish to issue refunds for only the top 2.5% slowest deliveries, what should the
threshold ¢ be?

@ 27.73 minutes

29.96 minutes
@ 36.89 minutes
@ 39.12 minutes

@ 46.05 minutes

Free Response Questions 3-5. Show all work, clearly label your answers, and use four
decimal places.

3. (26 points) A High-Performance Computing (HPC) cluster at Purdue processes
large-scale scientific simulations. Every submitted task runs a mandatory one-hour CPU
calibration stage before its simulation can finish or reach a checkpoint. Let X denote the
total active CPU runtime (in hours), including that calibration stage, of a randomly
submitted simulation task before completion or checkpointing. Thus, X cannot be less
than one hour. The probability density function (PDF) of X is modeled by the following
piecewise function:

cx, 1<x<3
fx(x) =43¢, 3<x<5
0, otherwise

a) (8 points) Determine the value of the constant ¢ such that fx(x) is a valid
probability density function. Show all integration steps clearly.
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b) (6 points)The intervals of the Cumulative Distribution Function Fy(x) are shown

below. Find the expression for each labeled blank (i)—(iv) to complete Fx(x) for all
real numbers x € R.
@ x<1

1<x<3
3<x<5

(iv)] x>5

Fx(x) =

c) (4 points) What is the probability that a randomly chosen simulation task takes
between 2 and 4 hours to finish?
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d) (4 points) Given that a simulation task has already run for at least 2 hours, what is
the conditional probability that it takes more than 4 hours to finish?

e) (4 points) Find the median execution duration fi (in hours) of a simulation task.

4. (26 points) Purdue’s autonomous electric shuttle fleet navigates three campus routes:
Route A (Engineering Quad), Route B (Stadium Drive), and Route C (Discovery Park).

Shuttles are assigned randomly to routes based on campus demand:
- Route A: assigned 50% of the time, P(4) = 0.50
- Route B: assigned 30% of the time, P(B) = 0.30
- Route C: assigned 20% of the time, P(C) = 0.20

During operation, high pedestrian density or sun glare may trigger a safety sensor alert (S).
Telemetry data shows:

-On Route 4: P(S 1 A) =0.08
-On Route B: P(S| B) = 0.15
-OnRoute C: P(S| C) =0.25
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a) (4 points) Calculate the joint probabilities for the three alert scenarios: P(AN S),
P(BNnS),and P(CNYS).

b) (6 points) Calculate the overall probability P(S) that a randomly selected shuttle
trip experiences a sensor alert.

c) (8 points) Suppose a shuttle trip is known to have experienced a sensor alert (S).
Compute the probability that this shuttle was traveling on Route A.
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d) (5 points) Are the event {Shuttle is on Route 4} and the event
{Sensor alert occurs} independent? State YES or NO and provide clear
mathematical justification.

e) (3 points) Suppose 4 independent shuttle trips on Route € are monitored. What is
the probability that at least one of these 4 trips experience a sensor alert?

5. (26 points) High-precision silicon wafer substrates manufactured at the Birck
Nanotechnology Center have a thickness X (in micrometers) that follows a Normal
distribution with unknown mean u and unknown standard deviation o.

Quality assurance testing on a large production run establishes the following two
specifications:

e Exactly 10% of the manufactured wafers have a thickness strictly less than
47.812 micrometers:

P(X < 47.812) = 0.10

e Exactly 5% of the manufactured wafers have a thickness strictly greater than
53.944 micrometers:

P(X > 53.944) = 0.05

Use a standard normal table with z values rounded to two decimal places. If two table
entries are equally close to a target cumulative area, use the smaller z value.
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a) (8 points) Calculate the population mean u and standard deviation o.

Fallback values for 5(b)-5(d): If you cannot determine u and & in 5(a), you may use u =
50 micrometers and o = 2.0 micrometers for parts 5(b)-5(d). These are not the correct
answers to 5(a); they are provided only so you can continue with the rest of the problem. If you
use them, say so clearly in your work. You will not receive credit for 5(a) by using these values.

b) (6 points) Find the probability that a randomly chosen wafer has a thickness
between 47 micrometers and 53 micrometers.
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c) (6 points) Determine the first quartile Q4, the third quartile Q3, and the population
Interquartile Range (IQR) for wafer thickness.

d) (6 points) Calculate the population lower and upper inner fences. Using these
fences as a quality-control rule, would a manufactured wafer with a thickness of
44.20 micrometers be flagged as a potential outlier requiring further inspection?
Explain in a complete sentence.
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0.0 | 0.5000 0.5040 0.5080| 0.5120| 0.5160 0.5199 0.5239| 0.5279  0.5319| 0.5359
0.1 | 0.5398 0.5438 0.5478| 0.5517| 0.5557 | 0.5596 0.5636| 0.5675 0.5714 | 0.5753
0.2 | 0.5793| 0.5832 0.5871| 0.5910| 0.5948 0.5987| 0.6026| 0.6064 0.6103| 0.6141
0.3 | 0.6179 0.6217 0.6255| 0.6293| 0.6331 0.6368 0.6406| 0.6443 0.6480 0.6517
0.4 | 0.6554 0.6591 0.6628| 0.6664 0.6700 0.6736 0.6772| 0.6808 0.6844 0.6879
0.5 | 0.6915 0.6950 0.6985| 0.7019| 0.7054 0.7088 0.7123| 0.7157| 0.7190| 0.7224
0.6 | 0.7257| 0.7291 0.7324| 0.7357| 0.7389  0.7422 0.7454| 0.7486, 0.7517| 0.7549
0.7 | 0.7580| 0.7611, 0.7642| 0.7673| 0.7704 0.7734| 0.7764| 0.7794 0.7823| 0.7852
0.8 | 0.7881| 0.7910 0.7939| 0.7967| 0.7995 0.8023 0.8051| 0.8078 0.8106/ 0.8133
0.9 | 0.8159 0.8186 0.8212| 0.8238| 0.8264 0.8289 0.8315| 0.8340 0.8365 0.8389
1.0 | 0.8413| 0.8438| 0.8461 0.8485| 0.8508| 0.8531 0.8554| 0.8577| 0.8599 0.8621
1.1 | 0.8643| 0.8665| 0.8686 0.8708| 0.8729| 0.8749 0.8770| 0.8790| 0.8810 0.8830
1.2 | 0.8849| 0.8869| 0.8888 0.8907| 0.8925| 0.8944 0.8962| 0.8980| 0.8997 0.9015
1.3 | 0.9032| 0.9049| 0.9066 0.9082| 0.9099| 0.9115 0.9131| 0.9147| 0.9162 0.9177
1.4 1 0.9192| 0.9207| 0.9222 0.9236| 0.9251| 0.9265 0.9279| 0.9292| 0.9306, 0.9319
1.5 | 0.9332| 0.9345| 0.9357 0.9370| 0.9382| 0.9394 0.9406| 0.9418| 0.9429 0.9441
1.6 | 0.9452| 0.9463| 0.9474 0.9484| 0.9495| 0.9505 0.9515| 0.9525| 0.9535 0.9545
1.7 | 0.9554| 0.9564| 0.9573 0.9582| 0.9591| 0.9599 0.9608| 0.9616| 0.9625 0.9633
1.8 | 0.9641| 0.9649| 0.9656 0.9664| 0.9671| 0.9678 0.9686| 0.9693| 0.9699 0.9706
1.9 | 0.9713| 0.9719| 0.9726 0.9732| 0.9738| 0.9744 0.9750| 0.9756| 0.9761 0.9767
20 | 09772 09778 0.9783| 0.9788 0.9793| 0.9798 0.9803| 0.9808| 0.9812 0.9817
2.1 ] 0.9821 0.9826| 0.9830| 0.9834| 0.9838| 0.9842 0.9846| 0.9850| 0.9854 0.9857
2.2 | 0.9861 0.9864 0.9868| 0.9871| 0.9875| 0.9878 0.9881| 0.9884| 0.9887 0.9890
2.3 | 0.9893 0.9896| 0.9898| 0.9901| 0.9904| 0.9906, 0.9909| 0.9911| 0.9913 0.9916
24 1 09918 0.9920| 0.9922| 0.9925| 0.9927| 0.9929 0.9931| 0.9932| 0.9934 0.9936
2.5 | 0.9938| 0.9940| 0.9941| 0.9943 0.9945| 0.9946 0.9948| 0.9949| 0.9951 0.9952
2.6 | 0.9953 0.9955| 0.9956| 0.9957| 0.9959| 0.9960 0.9961| 0.9962| 0.9963 0.9964
2.7 | 0.9965 0.9966| 0.9967| 0.9968 0.9969| 0.9970 0.9971| 0.9972| 0.9973 0.9974
2.8 | 09974 0.9975| 0.9976| 0.9977| 0.9977| 0.9978| 0.9979| 0.9979 0.9980| 0.9981
2.9 | 0.9981| 0.9982| 0.9982| 0.9983| 0.9984| 0.9984  0.9985 | 0.9985 | 0.9986 0.9986
3.0 | 0.9987| 0.9987| 0.9987 0.9988 0.9988 0.9989| 0.9989| 0.9989| 0.9990| 0.9990
3.1 | 0.9990| 0.9991 0.9991 0.9991 0.9992 0.9992| 0.9992| 0.9992| 0.9993| 0.9993
3.2 | 0.9993| 0.9993| 0.9994| 0.9994 0.9994 0.9994 0.9994 0.9995| 0.9995| 0.9995
3.3 | 0.9995 0.9995 0.9995 0.9996 0.9996 0.9996/ 0.9996| 0.9996| 0.9996| 0.9997
3.4 | 0.9997 0.9997 0.9997| 0.9997| 0.9997 0.9997 0.9997| 0.9997 0.9997 0.9998
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  𝑿


  𝑿


  c


    𝒇  𝑿 ( 𝒙 )


    𝑭  𝑿  ( 𝒙 )


    𝑭  𝑿  ( 𝒙 )


  𝒙 ∈ ℝ


  2


  4


  2


  4


    𝝁 ~


    𝒇  𝑿 ( 𝒙 ) =  {    𝒄 𝒙 ,  𝟏 ≤ 𝒙 ≤ 𝟑   𝟑 𝒄 ,  𝟑 < 𝒙 ≤ 𝟓   𝟎 ,  otherwise


    𝑭  𝑿  ( 𝒙 ) =  {     (i)  𝒙 < 𝟏    (ii)  𝟏 ≤ 𝒙 ≤ 𝟑    (iii)  𝟑 < 𝒙 ≤ 𝟓    (iv)  𝒙 > 𝟓


  𝑨


  𝑩


  𝑪


  𝑷 ( 𝑨 ∩ 𝑺 )


  𝑷 ( 𝑩 ∩ 𝑺 )


  𝑷 ( 𝑪 ∩ 𝑺 )


  𝑷 ( 𝑺 )


  𝑺


  𝑨


  { Shuttle is on Route  𝑨 }


  { Sensor alert occurs }


  4


  𝑪


  4


  𝑨


  50 %


  𝑷 ( 𝑨 ) = 𝟎 . 𝟓 𝟎


  𝑩


  30 %


  𝑷 ( 𝑩 ) = 𝟎 . 𝟑 𝟎


  𝑪


  20 %


  𝑷 ( 𝑪 ) = 𝟎 . 𝟐 𝟎


  𝑺


  𝑨


  𝑷 ( 𝑺 ∣ 𝑨 ) = 𝟎 . 𝟎 𝟖


  𝑩


  𝑷 ( 𝑺 ∣ 𝑩 ) = 𝟎 . 𝟏 𝟓


  𝑪


  𝑷 ( 𝑺 ∣ 𝑪 ) = 𝟎 . 𝟐 𝟓


  𝑿


  𝝁


  𝝈


  10 %


  47 . 812   micrometers


  𝑷 ( 𝑿 < 𝟒 𝟕 . 𝟖 𝟏 𝟐 ) = 𝟎 . 𝟏 𝟎


  5 %


  53 . 944   micrometers


  𝑷 ( 𝑿 > 𝟓 𝟑 . 𝟗 𝟒 𝟒 ) = 𝟎 . 𝟎 𝟓


  𝒛


  𝒛


  𝝁


  𝝈


  𝝁


  𝝈


  𝝁 = 𝟓 𝟎  


  𝝈 = 𝟐 . 𝟎


  47   micrometers


  53   micrometers


    𝑸  𝟏


    𝑸  𝟑


  IQR


  44 . 20   micrometers

