STAT 350 Exam 1 FALL 2024

V1

ﬁo

Name: PUID

Instructor (circle one): Heekyung Ahn  Evidence Matangi Timothy Reese Halin Shin

Class Start Time: © 11:30AM © 12:30PM © 1:30PM © 2:30PM O 3:30PM O 4:30PM O Online
As a boilermaker pursuing academic excellence, | pledge to be honest and true in all that | do.
Accountable together - we are Purdue.

Instructions:

1. IMPORTANT Please write your name and PUID clearly on every odd page.

2. Write your work in the box. Do not run over into the next question space.

3. The only materials that you are allowed during the exam are your scientific calculator, writing
utensils, erasers, your crib sheet, and your picture ID. If you bring any other papers into the
exam, you will get a zero on the exam. Colored scratch paper will be provided if you need more
room for your answers. Please write your name at the top of that paper also.

The crib sheet can be a handwritten or type double-sided 8.5in x 11in sheet.

Keep your bag closed and cellphone stored away securely at all times during the exam.

If you share your calculator or have a cell phone at your desk, you will get a zero on the exam.

The exam is only 60 minutes long so there will be no breaks (including bathroom breaks) during the

exam. If you leave the exam room, you must turn in your exam, and you will not be allowed to

come back.

8. For free response questions you must show ALL your work to obtain full credit. An answer
without showing any work may result in zero credit. If your work is not readable, it will be marked
wrong. Remember that work has to be shown for all numbers that are not provided in the problem
or no credit will be given for them. All explanations must be in complete English sentences to
receive full credit.

9. All numeric answers should have four decimal places unless stated otherwise.

10. After you complete the exam, please turn in your exam as well as your table and any scrap paper
that you used. Please be prepared to show your Purdue picture ID. You will need to sign a sheet
indicating that you have turned in your exam.

11. You are expected to uphold the honor code of Purdue University. It is your responsibility to keep
your work covered at all times. Anyone caught cheating on the exam will automatically fail the
course and will be reported to the Office of the Dean of Students.

12. ltis strictly prohibited to smuggle this exam outside. Your exam will be returned to you on
Gradescope after it is graded.

Noos

Your exam is not valid without your signature below. This means that it won't be graded.

| attest here that | have read and followed the instructions above honestly while taking this exam and that the work
submitted is my own, produced without assistance from books, other people (including other students in this class),
notes other than my own crib sheet(s), or other aids. In addition, | agree that if | tell any other student in this class
anything about the exam BEFORE they take it, | (and the student that | communicate the information to) will fail the
course and be reported to the Office of the Dean of Students for Academic Dishonesty.

Signature of Student:
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You may use this page as scratch paper.
The following is for your benefit only.

Question Number Total Possible Your points

Problem 1 (True/False) 12
(2 points each)

Problem 2 (Multiple Choice) 15
(3 points each)

Problem 3 20
Problem 4 26
Problem 5 32
Total 105

The rest of this page can be used for scratch work
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1. (12 points, 2 points each) True/False Questions. Indicate the correct answer by completely
filling in the appropriate circle. If you indicate your answer by any other way, you may be marked
incorrect.

1.1. Employees in a certain UPS branch collected the types of mail customers brought for
a month. They plan to present the data appropriately to the manager and discuss how to
utilize empty space efficiently.

@ or ® A histogram is appropriate to use because the variable is categorical.

1.2. A hardware manufacturer is about to ship 20,000 of its products to a client. To
estimate the defect rate of this shipment, they randomly selected 100 products for a
last-minute inspection. For each product, they assign a value of 0 if the product is
good and 1 if it is defective. The defect rate is then calculated as the average of
these O's and 1's.

@ or @ If the company had the resources to inspect all 20,000 products, the defect
rate calculated using all 20,000 products would represent a sample statistic.

1.3. Suppose the number of visitors to a mall follows a Poisson distribution with an
average rate of 45 visitors per 30 minutes.

@ or @ In this mall, the variance in the number of visitors arriving between 2:00 PM

and 3:00 PM is equal to the variance in the number of visitors arriving
between 3:00 PM and 5:00 PM.

1.4. Let V be a random variable with a probability density function f (v) that is non-
zero only on the interval [—5,—2). Let Fy(-) denote the cumulative distribution
function (CDF) of V.

('D or @ Then, Fy(c) =1 holds for any ¢ > 0.

1.5. A student scored 85 on two different math exams. For Exam 1, the mean score is 75
with a standard deviation of 5, and for Exam 2, the mean score is 70 with a standard
deviation of 10.

@ or @ The student performed better on Exam 1 compared to Exam 2.



Version: V1 4

1.6. For the figure below,

T
o 10 20 30 40 S0 B0 FOO B0 S0 100

@ or @ the blue normal distribution has more area underneath its curve than the red
normal distribution does.

2. (15 points, 3 points each) Multiple Choice Questions. Indicate the correct answer by
completely filling in the appropriate circle. If you indicate your answer by any other way, you may
be marked incorrect. For each question, there is only one correct option letter choice.

2.1. The number of customers arriving at a UPS branch during working hours follows a
Poisson distribution with an average rate of 4 customers per hour. Let X denote
the number of customers arriving between 9:00 AM and 10:00 AM and let Y denote
the number of customers arriving between 10:30 AM and 12:00 PM.

What is the conditional probability that exactly 3 customers arrive between 10:30 AM
and 12:00 PM, given that 6 customers arrived between 9:00 AM and 10:00 AM?

B Py=31X=6)=0

® Py = 3|X = 6) = 0.0093
© Py =3|x = 6) = 0.0892
O Py =3|X=6) = 0.1954

® pP(y =3|Xx = 6) = 0.8564
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2.2. The time between customer arrivals at the same UPS facility follows an exponential
distribution with an average of 15 minutes between customer arrivals. Let T
denote the time between customer arrivals. If no customer has arrived in the last 20
minutes, what is the probability that the next customer arrives after waiting more
than 15 additional minutes.

@B P(T > 35|T >20) =0

® p(T > 35|T > 20) = 0.097
© P(T > 35|T > 20) = 0.2636
©) p(T > 35|T > 20) = 0.3679
® p(T > 35|T > 20) = 0.6321

2.3. Suppose X ~ Binomial(n = 10,p = 0.1) and Y ~ Binomial(n = 10,p = 0.9).

Which statement is not always true about X and Y?

@ The mode of X is less than the mode of Y.

® sp(x) - |\/Var(Y)| =0

© Pp(x=1nYy=28)=01943
O E[x?] = (10)(0.1)(0.9) + [(10)(0. D]?
® p(x=1)=pP(r=9)

2.4. Suppose X is a random variable with E[eX] = 2 and Var(eX) = 5,and Y is a
random variable independent of X, satisfying E(Y) = —10, Var(Y) = 3. What is
E[(eX —3Y)?]?

@ 1056
® 240

© 1024
O -752

@ None of the above
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2.5. The figure below shows the shape of the distribution for two continuous random
variables X and Y.

Distribution of X Distribution of Y
N - o — -
— [£e]
S -
o
z 37 z
3 3
© = [
Ke) Qo <
[< o © 7
a I a o
g - g -
o
Random Variable X Random Variable Y

Which of the following statements is TRUE about the random variable X?

@ The mean is a better measure of central tendency than median.

® The distance between Qs and the median is narrower than the distance between Q4 and the median.
© IQR is a robust (resistant) measure of the spread.

@ The distribution is negatively skewed with one peak.

@ The mode will have the largest value among all the measures of central tendency.
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Free Response Questions 3-5. Show all work, clearly label your answers, and use four
decimal places.

3. (20 points) The stated speed limit on 1-65 is 65 mph. The speeds of vehicles along a
certain stretch of 1-65 follow an approximately normal distribution with a mean of 71
mph and a standard deviation of 8 mph.

a) (2 points) What is the probability that the speed of a vehicle on this stretch of 1-65
is below u + 30?

b) (2 points) Calculate the z-score for the stated speed limit of 65 mph.

¢) (8 points) What is the probability that a vehicle's speed is between 61 mph and 71
mph on this stretch of 1-657
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d) (8 points) State patrol officers will issue radar tickets to vehicles whose speeds
are in the top 4% of this distribution. What is the speed cutoff for issuing tickets?

The rest of this page can be used for scratch work
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4. (26 points) Kristin, a data science major, is working on a term project to build a predictive

model that can classify images of handwritten digits (0-4).

label = 0 label = 4 label = 1
label = 1 label = 3 label = 1

3

She has a dataset containing 1600 images, each displaying a single digit. Kristin divided
the dataset into a training set of 1000 images and a test set of 600 images. The
training set is used to teach the model, while the test set is used to evaluate its
performance.

After training, Kristin used the test set to create a confusion matrix, which shows the
number of correctly and incorrectly classified images. In the matrix below, rows
indicate the actual labels (ground truth), and columns represent the predicted labels
made by the model:

True Label

Predicted Label
Digits 0 1 2 3 4 Total
0 107 0 0 1 8 116
1 0 117 1 0 4 122
2 0 4 92 11 1 108
3 3 1 15 112 1 132
4 4 0 0 4 114 122
Total 114 122 108 128 128 600

Reading the Table: The highlighted cell with the value 117 indicates that the model correctly predicted the digit '1'

for 117 images that had True Label as '1'. This number represents the model's accurate classifications for the digit
'1' in the test set.

All questions below refer to the data presented in the confusion matrix (table).

a) (3 points) Define the events:
e E, = {true label is 4}
e E, = {truelabelis 1 or 2}
e FE; = {predicted label is 0}
Which of the following statements is TRUE?

@ Two events E4 and E3 are mutually exclusive.
® P(EiNEs) = P(E)P(Es).
© Two events E4 and E, are disjoint.

@ P(EZUEs) > P(Ez) + P(Es)-
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[Questions b)-e)] Kristin wants to know if the model performs better than random guessing at
classifying images of the digit three. Define the events:
e T; = {truelabelis 3}
e P; = {predicted label is 3}
b) (5 points) What is the probability that a randomly selected image has the true
label three?

c) (5 points) What is the probability that a randomly selected image is predicted to
be three?

d) (8 points) What is the probability that an image of digit three is correctly predicted
to be three?
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e) (5 points) Are the events T; and P; independent? State your answer and provide
a mathematical justification.

The rest of this page can be used for scratch work
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5. (32 points) Robust-ish Devices Inc. manufactures devices whose lifetimes are divided
into three distinct phases: early failure, stable operation, and wear-out.

e Phase 1 (Early Failure): During the first year (0 < x < 1), the device has a
constant likelihood of failing due to manufacturing defects, meaning the probability
density function (pdf) for the device's lifetime is constant in this interval.

e Phase 2 (Stable Operation): After surviving the early failure phase, the device
operates reliably with virtually no chance of failure for the next 4 years (1 < x £ 5),
meaning the pdf is zero during this phase, as the device is highly reliable.

e Phase 3 (Wear Out): Beyond 5 years (x > 5), the device enters a wear-out phase
where the likelihood of failure increases over time. The lifetime is modeled by an
exponentially decaying function, meaning the chance of the device surviving much
longer decreases, and the risk of failure increases as the device ages.

The probability density function for X (the lifetime of the device) is given by the following
piecewise function.

5
1-e16 0<x<1
fx=41 X S
16 e x>5
0 otherwise

a) (10 points) Verify that fx(x) is a valid probability density function.
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b) (10 points) Determine the missing value of the cumulative distribution function (CDF)
Fx(x), which is partially given below.

( 0 x<0
5
(1—8_1_6))6 0<x<1
Fx(x)=< 5
1—e 16 1<x<5

\ [Unknown] x=>5

c) (4 points) Determine the probability that the device lasts longer than 1 year.
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d) (8 points) Find the 25% percentile for the lifetime of devices manufactured by
Robust-ish Devices Inc..

The rest of this page can be used for scratch work
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Z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09
0.0 | 0.5000| 0.5040| 0.5080 0.5120 0.5160| 0.5199 0.5239| 0.5279| 0.5319| 0.5359
0.1 | 0.5398 0.5438| 0.5478| 0.5517| 0.5557| 0.5596| 0.5636| 0.5675| 0.5714| 0.5753
0.2 | 0.5793| 0.5832| 0.5871 0.5910 0.5948 0.5987 0.6026| 0.6064| 0.6103| 0.6141
0.3 | 0.6179| 0.6217| 0.6255 0.6293 0.6331| 0.6368 0.6406 0.6443| 0.6480| 0.6517
0.4 | 0.6554 0.6591| 0.6628| 0.6664| 0.6700 0.6736| 0.6772| 0.6808 0.6844| 0.6879
0.5 | 0.6915| 0.6950| 0.6985| 0.7019 0.7054 0.7088 0.7123| 0.7157, 0.7190| 0.7224
0.6 | 0.7257, 0.7291| 0.7324| 0.7357| 0.7389| 0.7422| 0.7454| 0.7486| 0.7517| 0.7549
0.7 | 0.7580, 0.7611| 0.7642| 0.7673| 0.7704 0.7734| 0.7764| 0.7794 0.7823| 0.7852
0.8 | 0.7881| 0.7910| 0.7939 0.7967, 0.7995| 0.8023| 0.8051| 0.8078| 0.8106| 0.8133
0.9 | 0.8159 0.8186| 0.8212| 0.8238| 0.8264  0.8289| 0.8315| 0.8340  0.8365| 0.8389
1.0 | 0.8413| 0.8438| 0.8461| 0.8485| 0.8508 0.8531| 0.8554 0.8577| 0.8599 0.8621
1.1 | 0.8643| 0.8665| 0.8686, 0.8708 0.8729 0.8749| 0.8770, 0.8790| 0.8810| 0.8830
1.2 | 0.8849 0.8869| 0.8888 0.8907 0.8925| 0.8944 0.8962| 0.8980 0.8997| 0.9015
1.3 | 0.9032| 0.9049| 0.9066| 0.9082| 0.9099 0.9115| 0.9131 0.9147| 0.9162 0.9177
1.4 | 0.9192 0.9207| 0.9222 0.9236| 0.9251 0.9265| 0.9279 0.9292| 0.9306| 0.9319
1.5 | 0.9332| 0.9345| 0.9357 0.9370| 0.9382| 0.9394| 0.9406 0.9418| 0.9429| 0.9441
1.6 | 0.9452| 0.9463| 0.9474| 0.9484| 0.9495 0.9505| 0.9515| 0.9525| 0.9535| 0.9545
1.7 | 0.9554| 0.9564| 0.9573 0.9582| 0.9591 0.9599| 0.9608 0.9616| 0.9625| 0.9633
1.8 | 0.9641 0.9649| 0.9656| 0.9664| 0.9671 0.9678| 0.9686 0.9693| 0.9699 0.9706
1.9 | 0.9713| 0.9719| 0.9726| 0.9732| 0.9738 0.9744| 0.9750 0.9756| 0.9761 0.9767
2.0 | 0.9772| 0.9778 0.9783| 0.9788| 0.9793| 0.9798| 0.9803| 0.9808| 0.9812| 0.9817
2.1 | 0.9821] 0.9826, 0.9830| 0.9834| 0.9838| 0.9842 0.9846, 0.9850| 0.9854 0.9857
2.2 | 0.9861| 0.9864 0.9868| 0.9871| 0.9875| 0.9878| 0.9881| 0.9884| 0.9887 0.9890
2.3 | 0.9893| 0.9896, 0.9898| 0.9901| 0.9904| 0.9906| 0.9909| 0.9911| 0.9913| 0.9916
2.4 1 0.9918| 0.9920, 0.9922| 0.9925| 0.9927| 0.9929 0.9931| 0.9932| 0.9934 0.9936
2.5 | 0.9938| 0.9940 0.9941| 0.9943| 0.9945| 0.9946| 0.9948| 0.9949| 0.9951| 0.9952
2.6 | 0.9953| 0.9955 0.9956| 0.9957| 0.9959| 0.9960| 0.9961| 0.9962 0.9963 0.9964
2.7 | 0.9965 0.9966, 0.9967| 0.9968| 0.9969| 0.9970| 0.9971| 0.9972| 0.9973 0.9974
2.8 | 0.9974| 0.9975 0.9976| 0.9977| 0.9977| 0.9978| 0.9979| 0.9979| 0.9980 | 0.9981
2.9 | 0.9981] 0.9982 0.9982| 0.9983| 0.9984| 0.9984 0.9985 0.9985| 0.9986 0.9986
3.0 | 0.9987| 0.9987| 0.9987| 0.9988 0.9988 0.9989 0.9989| 0.9989 0.9990| 0.9990
3.1 | 0.9990| 0.9991| 0.9991 0.9991 0.9992| 0.9992| 0.9992| 0.9992| 0.9993| 0.9993
3.2 | 0.9993| 0.9993 0.9994| 0.9994| 0.9994| 0.9994| 0.9994| 0.9995| 0.9995 0.9995
3.3 | 0.9995| 0.9995| 0.9995 0.9996, 0.9996| 0.9996, 0.9996| 0.9996| 0.9996| 0.9997
3.4 | 0.9997| 0.9997 0.9997| 0.9997| 0.9997| 0.9997| 0.9997| 0.9997| 0.9997| 0.9998




